We present a model for the coupling of non-relativistic quantum systems with a linearized gravitational field from a Lagrangian formulation. The coupling strongly resembles the light-matter interaction models that are known to be well approximated by the Unruh-DeWitt detector model for interactions with quantum fields. We then apply our model to linearized quantum gravity, which allows us to propose a detector based setup that can in principle probe the quantum nature of the gravitational field.
We present a model for the coupling of non-relativistic quantum systems with a linearized gravitational field from a Lagrangian formulation. The coupling strongly resembles the light-matter interaction models that are known to be well approximated by the Unruh-DeWitt detector model for interactions with quantum fields. We then apply our model to linearized quantum gravity, which allows us to propose a detector based setup that can in principle probe the quantum nature of the gravitational field.
I. INTRODUCTION
One of the greatest challenges of modern theoretical physics is a consistent theory of quantum gravity. While there are numerous proposals (most notably, string theory and loop quantum gravity), the lack of experimental data makes it hard to favour any one theory. There have also been important debates about whether we need a quantum theory for the gravitational field at all. One of the difficulties is the lack of consensus about an experiment that would be able -even in principle -to distinguish the classical/quantum nature of gravity. While the scales for which we could observe quantum phenomena for gravity are already an issue, it is also unclear how to describe the interaction of quantum systems with the gravitational field.
One of the proposals of thought experiments that investigate the possible quantum nature of gravity is the Bose-Marletto-Vedral (BMV) experiment [1, 2] . It is an example of an attempt to get insight into the behaviour of quantum systems when interacting via the gravitational field. This experiment has been widely debated and criticized [3, 4] . Although a reply to part of the criticism was given [5] , the quantum features of the gravitational field that are being probed are still not clear. Moreover, it seems natural to seek for a relativistic treatment of the gravitational field itself.
If one is to approach the nature of gravity, however, one should be able to not only find gravitational effects that are generated by quantum sources, but also to probe effects that are intrinsically associated to properties of quantum fields. One of the ways of doing that is to look for an experimental setup that could be described either by treating gravity as a classical field or as a quantum one which yields different results in both cases.
A known way of quantizing gravity in low energy regimes is by considering a small perturbation around a fixed background metric, such as the flat one [6] . The * rfaure@perimeterinstitute.ca † trickperche@perimeterinstitute.ca ‡ bdesouzaleaotorres@perimeterinstitute.ca
Einstein-Hilbert Lagrangian can then be linearized to second order to yield a quadratic Lagrangian for the perturbation. The equations of motion can then be solved analytically in Minkowski spacetime [7] . Canonical quantization then provides a standard procedure for quantizing the perturbation by introducing commutation relations that give rise to creation and annihilation operators. Once this procedure is complete, this quantum field can be associated to gravitational perturbations and its excitations are regarded as gravitons.
The issue of probing quantum fields is highly nontrivial. One way of approaching the problem is with the use of particle detector models, such as the Unruh-DeWitt (UDW) detector [8, 9] . This model consists of a localized two-level system that couples to a local degree of freedom of the field. It can be shown to be a good approximation for the light-matter interaction, and has become ubiquitous in various topics in relativistic quantum information. Its uses range from quantum optics to quantum field theory in curved spacetimes.
One important feature of UDW detectors is to give operational means by which one could explore quantum aspects of a field. One of such aspects is the entanglement structure of the vacuum state in a quantum field theory. This can be realized by a process called entanglement harvesting, which is based on studying the dynamics of a pair of spatially separated detectors that couple locally to a quantum field [10] [11] [12] . It can be shown that the detectors can become entangled through an interaction with the field, even if the two interaction regions are spacelike separated. This effect has no classical analogue, and it provides a criterion by which one could identify a field as being genuinely quantum. Therefore, if one could detect entanglement generated by locally coupling detectors to gravity, that would constitute strong evidence for the quantum nature of the gravitational field. This paper is organized as follows. Sections II, III and IV contain a review of the relevant aspects of the Unruh-DeWitt model, linearized quantum gravity on Minkowski background, and the entanglement harvesting protocol, with section IV B emphasizing how entanglement harvesting is indeed only possible via quantum fields. Section V shows how the coupling of non-relativistic quan-tum system with linearized perturbations of the gravitational field can be well modelled by an UDW-like detector. The coupling closely resembles the one of atoms to the electromagnetic field (i.e., the light-matter interaction). The idea is then to consider two such systems (e.g. atoms) and perform entanglement harvesting on them. If one could prevent the electromagnetic field from providing a source of entanglement for the two detectors, only the gravitational field would be capable of entangling them. This could be done, for instance, if they were put in separate optical cavities. Therefore, if the systems could be shown to be in an entangled state, the entanglement would have to come from interactions with the vacuum of the gravitational field. Section VI provides a rough estimate on how relevant the coupling with the gravitational field would be in comparison with the electromagnetic coupling. This gives an order of magnitude to when one should expect to be able to see effects from the quantum nature of the gravitational field in this model.
The present work not only proposes a new setup for probing the quantum nature of gravity, but it is also helps us gauge the difficulties in detecting quantum gravitational effects. It also provides a new way of thinking about the interaction of non-relativistic quantum systems with quantum fields. By thinking in terms of an effective Lagrangian description for the wavefunction of such systems, one can derive a form of coupling between detectors and fields that works similarly for the electromagnetic and gravitational cases. This allows us to use the available techniques of UDW detectors, which are known to be applicable to a wide range of phenomena.
II. UNRUH-DEWITT DETECTORS
An Unruh-DeWitt detector is a model of particle detectors introduced by Unruh and DeWitt in [8, 9] that consists of a localized non relativistic quantum system that couples locally to a quantum field. This model has been shown to be a good approximation for the description of the light-matter interaction in the context of quantum optics, as shown in [13, 14] .
A possible setup consists of a two-level system that couples to a real scalar quantum field in the vicinity of the trajectory of its center of mass, parametrized by a timelike trajectory z(τ ) = (t(τ ), z(τ )), with proper time τ . The free Hamiltonian for the detector generates the free evolution of the two-level system with respect to its proper time τ , and is given bŷ
where Ω is the energy gap of the detector and the operatorsσ ± are the SU (2) ladder operators. In the basis of eigenstates ofĤ τ d , labeled as {|e , |g } (excited and ground states, respectively), we havê
The quantum field, on the other hand, is described in terms of a complete set of solutions to the Klein-Gordon equation, given by modes u k (x). The free dynamics of the field can then be solved to give
where a † k and a k are creation and annihilation operators associated to the choice of modes given by {u k (x)}, and we write x = (t, x) for the spacetime points in a given coordinate system.
The coupling between detector and field should then be able to promote excitations and de-excitations of the field, while also promoting transitions between the two levels of the detector. The simplest way to achieve this is by promoting a linear coupling between the field and the monopole operator of the detector. In the case where we consider the detector system to have some nontrivial spatial extension, the interaction Hamiltonian is given bŷ
whereμ(τ ) = e iΩτσ+ + e −iΩτσ− is the monopole operator of the detector, χ(τ ) is a switching function that determines the temporal profile of the coupling between detector and field, and f (x) is a smearing function which dictates the spatial extension of the interaction. Σ τ are spacelike surfaces of constant τ (i.e., they are simultaneity surfaces associated to the proper time of the center of mass of the detector) andx are spatial coordinates on such surfaces. Together, (τ,x) correspond to Fermi normal coordinates associated to the trajectory of the detector's center of mass frame. For more details, see [15] . This model for particle detectors is well motivated by realistic, first principle approaches to the light-matter interaction, and is very effective at describing transitions without exchange of angular momentum between detector and field. In the sections that follow, we will show how a similar argument can be applied to the interaction between an atom and an external gravitational field, which makes the Unruh-DeWitt approach to detecting gravitons a reasonable first approximation.
III. LINEARIZED QUANTUM GRAVITY
The standard concept of perturbations in general relativity starts with a background metric that satisfies Einstein's equations and adds to it a rank two tensor, which is regarded as a perturbation. In the case that we are interested in, we will set the background metric to be Minkowski, denoted by η µν and add to it the perturbation h µν , so that the full metric is given by
By writing the Einstein Hilbert action to second order, it is possible to obtain a free Lagrangian for the perturbation h µν [7] . After gauge fixing, it can be shown that the equations of motion for the field read
This allows us to write the general solution in terms of the two independent polarization degrees of freedom,
µν (k) and (2) µν (k) and the free modes of momentum k, a
In the so called traceless transverse gauge, the polarization tensors satisfy k µ (λ) µν (k) = 0 and µ (λ) µ (k) = 0, which also implies that the vacuum solution for h µν (x) is traceless.
We then quantize the free modes by promoting them to the creation and annihilation operators and imposing the canonical commutation relations,
We can then write the quantized gravitational perturbation aŝ
(9) The operator above has the exact same expression as the electromagnetic field in the Lorentz gauge, but with polarization tensors instead of vectors. Notice that for the above expression to be valid, we must be using Planck units, otherwise we would get a factor proportional to the Planck mass to ensure that the final solution forĥ µν (x) is dimensionless.
IV. ENTANGLEMENT HARVESTING
One of the most remarkable facts about quantum field theory is that the vacuum state contains correlations between both spacelike and timelike separated regions. This feature is not only interesting from the fundamental perspective, but it is also useful for many applications on the area of relativistic quantum information, such as the Unruh-Hawking effect [16, 17] , quantum energy teleportation [18] and entanglement harvesting [12] .
Introduced by Valentini [10] , later explored by Reznik [11, 19] , and generalized for extended detectors by Martín-Martinez et al. [12] , the technique of entanglement harvesting consists on the coupling of two Unruh-DeWitt detectors to a quantum field, but not with each other. Even though they are not directly coupled, it can be shown that after time evolution the final state of the detectors can be an entangled state. In the next subsection we briefly review the results obtained for harvesting in flat spacetimes with the use of smeared detectors.
A. Entanglement from the quantum vacuum
Here we will specialize to the case of inertial detectors in flat spacetime, coupled to a massless real scalar field, as was done in [12] . In this scenario, the coordinates x = (t, x) of equation (3) reduce to the standard Cartesian coordinates in Minkowski spacetime. Let us label the detectors A and B with respective energy gaps Ω A and Ω B , such that their free Hamiltonians will be given, as in equation (1), byĤ
In this setting, the interaction Hamiltonian of two UDW detectors coupled to the scalar field becomes the sum of the interaction Hamiltonians for each of the detectors,
HereĤ I,A (t) andĤ I,B (t) are the interaction Hamiltonians for the corresponding detectors A and B. Equation (4) gives us, for inertial detectors at rest with respect to each other in flat spacetimes,
The time evolution operator in the interaction picture can then be expressed as a Dyson expansion in terms of the interaction Hamiltonian:
where we use O(λ 3 ) to denote third order in products of the couplings λ A and λ B . Now consider an initial state that is completely separable for the two detectors and the field. Moreover, we will consider that the initial state given by the field is in its vacuum state, |0 , and both detectors in their respective ground states, such that
The partial state of the detectors after their interaction, tracing out the states of the field, will then be given bŷ
In the basis
the reduced state can be shown to have the following matrix representation:
where here we have defined, for I, J = A, B,
and finally, L I (k) and M (k) are given by
(21) The functionF (k) is given bỹ
and F (x) is the function that dictates the spatial profile of both detectors. In other words, in order to get to the expressions above, we have also assumed similar smearing functions for the two detectors, given by
where x A and x B label the center of mass of detectors A and B, respectively. Given the final reduced state of the two detectors, one might then ask about the resulting correlations and entanglement between them. For a two-qubit system, a simple measure of entanglement is given by the sum of the negative eigenvalues of the partially transposed density matrix (also called negativity). Up to second order in the coupling, there is only one eigenvalue for the partially transposed density matrix ρ AB that can possibly be negative, and that is given by
which means that we can take as our measure of entanglement the negativity estimator N = max(0, −E 1 ). For more details on how the entanglement harvesting protocol described above depends on various characteristics of the setup (such as the size of the detectors' spatial extension, their energy gaps, the sudden vs. smooth types of switching, and the dimension of spacetime), see [12] .
B. No entanglement from classical fields
After presenting explicitly the procedure for harvesting entanglement from the vacuum state of quantum fields, we may wonder if the same effect would be possible when an UDW detector couples to a classical scalar field instead. In this case, the only quantum systems under consideration would be the two detectors themselves. These would still be modelled by two-level systems that evolve according to the free Hamiltonians (10) and (11) and undergo an inertial trajectory in Minkowski spacetime. We will model the interaction neglecting the backreaction of the detectors on the field. We do so taking under consideration the fact that if the detectors are spacelike separated, no influence one of them has on the field can propagate to the other one.
The interaction Hamiltonian would then be prescribed in a similar way to (12) , except for the fact that the field φ would be a classical function instead of a quantum operator. Assuming that the two detectors under consideration still follow inertial trajectories, the interaction Hamiltonian should be prescribed aŝ
whereĤ c I,A (t) andĤ c I,B (t) are the interaction Hamiltonians for each of the detectors. These are explicitly given by:
where f A (x) and f B (x) are the smearing functions of the respective detectors, as given in equation (23). The next step is then to calculate the time evolution operator, which is given by the time order exponential of the interaction Hamiltonian:
Noting that the HamiltoniansĤ c I,A (t) andĤ c I,B (t) commute for every value of t, we can rewrite the above operator as a product of operatorsÛ c A andÛ c B , defined bŷ
In the end we getÛ c =Û c AÛ c B . If the detectors start in an unentangled state that factors intoρ A andρ B , the initial state of the full system of the two detectors can be described by a classical admixture of separable states,ρ 0 = i p iρ
Note that there is no quantum state corresponding to the field; the state of the field is identified with a classical configuration.
After the interaction between the detectors and field takes place, we get the following final state for the detector
which is again a state that may have classical correlations, but is not entangled. Therefore, no entanglement can be harvested by the interaction of Unruh-DeWitt detectors with a classical field, provided we neglect the back reaction of the detectors on the field. This approximation is well justified for spacelike separated regions, since in this case the perturbations caused by one of the detectors cannot influence the response of the second detector. Therefore, only quantum fields are able to produce entanglement, it cannot be produced by a classical field.
V. THE COUPLING OF QUANTUM SYSTEMS TO LINEARIZED GRAVITY
In this section, we provide a model for the interaction of quantum systems undergoing inertial trajectories in flat spacetimes with weak gravitational fields (to linear order). This scenario can be described in a similar fashion to the one seen in light-matter interactions. The approach presented in [13] consists of starting with the Hamiltonian for an atom and introducing an external electromagnetic field that interacts with the system via minimal coupling. When restricting the dynamics to transitions between two energy levels, it can be shown that the interaction Hamiltonian is given bŷ
Here,Ê(x) =Ê(t, x) is the free quantized electromagnetic field, |g , |e are the excited and ground states of the process under consideration. Ω is the energy gap between the two levels and F (x) models the atom's dipole, which is given in terms of the eigenfunctions of the free Hamiltonian as
If one is to assign a covariant formulation for the interaction of quantum systems with gravity, one must be able to prescribe an energy momentum tensor to the system. If one has a Lagrangian description, there is a natural way to obtain the stress-energy tensor and the coupling with gravity. To do that, assume that the system can be described by a wave function ψ(x) under the influence of a potential V (x) that evolves according to Scrödinger's equation. Then, the dynamics can be derived from the following Lagrangian density:
Indeed, one can easily check that the variation of the above with respect to ψ * (x) yields Schrödinger equation for ψ(x). Furthermore, the conjugate momenta to ψ(x) and ψ * (x) read
From these, we can calculate the Hamiltonian density for the system, which is given by
This agrees with the well known result from non relativistic quantum mechanics. Even more, integrating by parts, we obtain the Hamiltonian density in terms of the Hamiltonian of the system:
where the operatorĤ is the differential operator that acts on wave functions,
Our goal here is to obtain a coupling with gravity in the weak gravitational regime. In this situation, all we have to do is to shift the metric according to η µν −→ η µν +h µν . In this case, because of the gauge in which we got the solution for h µν in section III, we only need to change the spatial part that shows up in the gradient term,
The change in the metric due to first order perturbations amounts to δ ij −→ δ ij + h ij . This yields the interaction Hamiltonian 1 2m
This can be rewritten in terms of operators in the Hilbert space that we use in non relativistic quantum mechanics. We can integrate by parts to obtain the interaction Hamiltonian in terms of the position and momentum operators in the Hilbert space,
in the Schrödinger picture. This operator can be further rewritten in the fashion of what is done in quantum optics, using the eigenfunctions of the free Hamiltonian.
Let |n be its n-th eigenstate, with associated eigenfunction in momentum space given byψ n (p) = p|n . We can then insert identities in expression (42) to obtain
Notice that the perturbation of the gravitational field is now evaluated at the position operatorx. We can remove the dependence on the operator and factor out the classical field evaluated at a given position by simply introducing the identity in terms of the position eigenstates,
Plugging this back into (43), we get the simplified expression in terms of the real space eigenfunctions ψ n (x) = x|n ,
(46) It is then useful to define the smearing tensors for the interaction to be the integrand that couples to h ij (t, x) for each energy level transition, namely,
Notice the similarity with equation (33) for the electromagnetic dipole. We therefore obtain the interaction Hamiltonian in the Schrödinger picture to bê
If we are interested in a specific energy level transition, from a given n to n + 1, it is useful to relabel the states n = g and n + 1 = e, associated to a ground and excited states, respectively. This allows us to write an effective interaction Hamiltonian associated to energy level transitions mediated by interaction with the gravitational field perturbation h ij (x) = h ij (t, x),
(49) Notice that this procedure so far considers the gravitational perturbation to be first quantized, just like the light-matter interaction derivation from [13] . In the same spirit as it is done in that case, we then consider the free quantum field expansion from (9) . This yields the interaction Hamiltonian for the system and quantum field in the interaction picture to bê
where Ω is the energy gap between the levels labeled by e and g. The interaction Hamiltonian (50) is very similar to the one obtained in electromagnetism for the lightmatter interaction in atoms from equation (32).
In the electromagnetic case, if one disregards exchanges of angular momentum between detectors and field, one can take the Unruh-DeWitt model as an approximation to describe the interaction. Therefore the scalar approximation can still be able to grasp the fundamental features of entanglement harvesting in the gravitational setting, even though the fieldĥ ij (x) has spin two. Moreover, it has also been shown that if no scalar approximation is employed in the light-matter interaction model, the entanglement harvesting results can even be enhanced [13] .
VI. THE SETUP
Although it could be seen as natural to expect the fundamental description of nature not to be classical, up to the present day we have no experimental evidence that the gravitational field is quantum. We do have many physical theories for an effective quantum theory of gravity, but none of them has been experimentally tested. In this line of thought, Bose, Marletto and Vedral have proposed an experiment (the BMV experiment) that would be able to test for the existence of a quantum degree of freedom for the field. However, in their treatment a quantum field theory of gravity is never explicitly considered.
From the tools developed in section V, we see that the weak gravity interaction Hamiltonian is similar to the light-matter interaction one, usually used in quantum optics. We do know that the latter is well approximated by the model of Unruh-DeWitt detectors, in which we set the coupling constant to be the light-matter one. We Figure 1 . A schematic view of the setup. The electromagnetic field inside the cavities (blue) is independent of the one outside (green). This prevents the atoms to get entangled via the electromagnetic vacuum, and only the gravitational field (red) penetrates both cavities.
thus have no reason to expect differently for the gravitymatter interaction in the regime of weak gravitational fields. Therefore, we can apply the techniques of Unruh-DeWitt detectors to describe such interactions.
The setup proposed here is to consider two non relativistic quantum systems, such as atoms, that interact with independent vacua of the electromagnetic field. This can be done by separating the atoms in two different metallic cavities. These are known to act as a boundary conditions that separate the vacuum of the electromagnetic field. Then, the only field that would be able to communicate between the two systems would be the gravitational one. In this setup we then perform the entanglement harvesting procedure between the two detectors.
If any entanglement could be measured between the systems, we would therefore conclude that it must have come from the interaction with the vacuum of the gravitational field. From that we would be able to infer that the gravitational field is indeed a quantum field on a fundamental level, for according to subsection IV B, no classical field would be able to produce entanglement between the two systems.
We can estimate the orders of magnitude related to a real experiment, comparing to the precision we would need for harvesting entanglement from the electromagnetic vacuum only. If one works with systems of the size of atoms, the relevant length scale is of the order of the Bohr radius, which is a 0 ≈ 10 24 p , where p is the Planck length. We have seen that the coupling with the gravitational perturbations goes as
while the electromagnetic one is given by
Taking into consideration that the vacuum fluctuations of the quantum fields themselves depend only on the quantization procedure, the order of magnitude of M p h ij and A i in the vacuum is the same. We then find the ration between the expectation value of the two interaction terms to be
where we recall that p should also be measured in Planck units. For an atom, we obtain that p ≈ 1/a 0 ≈ 10 −24 M p . From that, we get that the gravitational effects to be observed are 24 orders of magnitude less than the electromagnetic counterpart. This means that our setup is not feasible with current technology. Indeed, as of today, we have no experimental results on entanglement harvesting. Moreover, the experimental challenges range from the precision of the necessary quantum state tomography to the reliability of the shielding of the cavity. One may then wonder how it would be possible to try to partially circumvent some of those challenges; in order to do that, some specific features of our model can be exploited. One of them is the fact that the gravitational perturbation is a spin-2 field, whereas the electromagnetic field has spin-1. Therefore, the gravitational quadrupole coupling allows for atomic transitions that are not possible with the electromagnetic dipole coupling. The challenge of reducing electromagnetic-induced entanglement could also be solved by other means than cavities. For instance, some work has been done on trying to prevent entanglement between timelike-separated atoms using an intermediate system [20] , which could also be a strategy to further shield electromagnetically induced entanglement in this scenario.
In summary, however, if it would be possible to perform an experiment associated to this setup, positive results would provide strong evidence for the quantum nature of the gravitational field.
VII. CONCLUSIONS
We have presented a detector-based framework that could probe the quantum nature of gravity by coupling two quantum systems to a gravitational field. If the field is indeed quantum, the systems should interact with it and become entangled between themselves. This setup is, therefore, a promising way to probe quantum gravitational effects in the linearized gravity regime. Furthermore, we have developed a method for treating the interaction of gravitational perturbations with matter using a Lagrangian for the wavefunction of the system. This method would also be able to reproduce the electromagnetic interactions from [13] by using the standard non relativistic approach for electromagnetism with continuous quantum systems.
The model presented here can be compared to the BMV experiment for, just like it, we propose a setup to test the fundamental nature of gravity. In the BMV model, quantum particles are considered to be sources of the gravitational field and it is treated in the Newtonian approximation. It is then not obvious that such a behaviour would imply a quantum nature for the gravitational field, as was mentioned in [3] . It should also be pointed out that the non-relativistic approach may not contemplate the features of a full quantum theory of gravity. On the other hand, in the model proposed in this article, we compare the treatment of the gravitational field as a quantum field with its classical analogue and harvest entanglement from the vacuum itself to obtain a conclusion. When comparing to the BMV experiment, our proposal is by no means a relativistic treatment of the same idea, but a complementary and less controversial way of considering the problem of measuring quantum effects of the gravitational field, motivated by entanglement harvesting techniques.
Although the experimental feasibility of the model proposed here cannot be expected to be achieved in the next years, it opens the way to new ideas and has the advantage of not requiring high energy scales, only low energy detectors coupled to the vacuum. Furthermore, we have provided a formalism that justifies the uses of UDW detector models for probing linearized quantum gravity.
